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^ \ Abstract 

> 

Q ■ We study the world- volume theory of a bosonic membrane pertur- 

batively and discuss if one can obtain any conditions on the number 

O ' of space-time dimensions from the consistency of the theory. We 

construct an action which is suitable for such a study. In order 
to study the theory perturbatively we should specify a classical 
background around which perturbative expansion is defined. We 
will discuss the conditions which such a background should satisfy 

1-^ ' to deduce the critical dimension. Unfortunately we do not know 

any background satisfying such conditions. In order to get indirect 

/\ • evidences for the critical dimension of the membrane, we next con- 

c^ ' sider two string models obtained via double dimensional reduction 

of the membrane. The first one reduces to the Polyakov string the- 
ory in the conformal gauge. The second one is described by the 
Schild action. We show that the critical dimension is 26 for these 
string theories, which implies that the critical dimension is 27 for 
the membrane theory. 
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1 Introduction 

Finding a microscopic definition of M-tlieory [Q is one of the most important 
problems in string tfieory. Tfie low energy effective theory of M-theory is the 11 
dimensional supergravity, but since it is nonrenormalizable, we can do only classical 
analysis by using it. There exist extended objects, membranes and fivebranes 
in M-theory. Thus it is tempting to consider the extended objects in M-theory 
as the fundamental degrees of freedom in a microscopic setting of M-theory, as 
was examined in Ref. 0. It is widely known that the supermembrane has an 
unstable ground state 0. In this respect, the M(atrix) theory conjecture 0] gives 
a fascinating explanation which accommodates the idea of matrix regularization 
of the membrane 0; a membrane is a solitonic state which can decay into its 
elementary dynamical constituents. 

Membranes may not be fundamental objects, but it will be possible to get some 
information about M-theory by studying their world-volume quantum dynamics. 
Although the world-volume theory is nonrenormalizable, perturbative analysis as 
a cut-off theory will make it possible for us to discuss anomalies in the membrane 
world-volume gauge symmetries in the low energy approximation. The attitude 
is similar to that of the effective string theory 0. We will restrict ourselves to 
bosonic membranes in this paper. Such membranes may be related to the bosonic 
string theory via dimensional reduction (See Ref. for some observation on this 
point.). Then the critical dimension D = 27 is expected to emerge as a special 
number D of target space-time coordinates from the requirement of the absence of 
anomalies on the world- volume so that its double dimensional reduction naturally 
yields the critical dimension 26 of the bosonic string theory. This subject has been 
pursued before in a series of papers P, |^ and appearance of some specific features 



at D = 27 has been demonstrated. On the other hand, in 10 it was concluded 



that critical dimension cannot be obtained for bosonic membrane theory. See also 



Ref. |]TT| for discussion on this topic, and Ref. [|1^, ^ for supermembranes. 

In the first part of this paper, we would like to reexamine this issue by using 
perturbative analysis based on Lagrangian and path integral approach. In order 
to start perturbative expansions, we should specify a classical background of the 
world-volume theory, around which the fields fluctuate. We can get conditions on 
the number of space-time dimensions, if the reparametrization symmetry on the 
world- volume becomes anomalous in general. We will argue that, in perturbation 
theory, anomaly can occur only when there exist no variables which can be used as a 



metric on the world- volume being nondegenerate in the classical background. The 
induced metric daX^dbX^ is such an example. Therefore if the classical value of 
this is nondegenerate, any potential anomaly for the reparametrization symmetry 
can be cancelled. In order to deduce the critical dimension of the theory, we should 
find a classical background in which such metrics are singular, and simultaneously 
the perturbative expansion around which is possible. Finding such a background 
is a difficult problem and unfortunately, at present, we do not know any examples 
of classical backgrounds that satisfy these conditions. 

However it is possible to find a classical background satisfying such conditions 
after dimensional reduction of the model. The dimensional reduction we will con- 
sider is actually the double dimensional reduction and we get a string model as 
a result. There are two inequivalent ways of double dimensional reduction in the 
world-volume action of membranes we use. One gives the usual Polyakov string 
theory and the other gives a string theory with the Schild action [jl4|. We will 
demonstrate that the critical dimension for such string theories is 26. This result 
implies that the critical dimension for bosonic membrane theory is 27. 

The string theory described by the Schild action suffers from a similar difficulty 
as the one encountered in the case of the membrane. In order to analyze the 
world-sheet theory perturbatively, one should specify a classical background and 
usually a good background in this respect yields a nondegenerate induced metric. 
Therefore, it is difficult to deduce the critical dimension of such a string theory, 
although we expect that it is 26. Our result shows how to do so, and may give a 
clue as to how to deduce the critical dimension in the membrane theory. 

The organization of this paper is as follows. In Sec. |^, we discuss bosonic 
membrane theory. We consider how one can deduce the critical dimension of the 
theory, if it is possible. We construct an action suitable for perturbative analysis 
and discuss its symmetry. In Sec. || and Sec. |^, we discuss two inequivalent ways 
of dimensional reduction of the theory in Sec. H and deduce the critical dimension. 
Sec. 1^ is devoted to discussion. 

2 Perturbative membrane dynamics 

2.1 Membrane world- volume action 

In this section, we would like to study the world- volume theory of bosonic mem- 
branes perturbatively and pursue if there is any critical dimension. Before doing 



so, let us recapitulate the standard procedure of quantizing the membrane theory. 
The action to start from is the Nambu-Goto action: 

Sng = - J d'a./^ . (1) 

Here a" (a = 0,1,2) are the coordinates on the world-volume, X^ (yU = 0, 1, 
• • •, D — 1) represents the embedding of the world-volume in the d- dimensional 
space-time, •jab = daX^di,X^ is the induced metric and 7 = det(7a{,). Canonical 
quantization of the action goes in the usual way. The momentum variable P^ 
conjugate to X^ can be obtained as 

P, = -V^l''d,X^. (2) 

One can find the following constraints in the system: 



1 

2 
a) = P^{a)drX'^{a) , (3) 



boia) = - {P,{a)P^{cr) + h{a)) , 



with r = 1,2. Here h{(T) is the determinant of the spatial part of the metric hrs{cr) 
induced from X'^^cr), 

hrsi(r)=drX^{cr)dsX^{a), 

h{a) = det{hrsia)) . (4) 

The inverse of /irs(o") will be denoted as h'^^{a). 0o(o") is the Hamiltonian constraint 
and 0r(c") are the momentum constraints. They can be regarded as the generators 
of reparametrization on the world- volume. The Hamiltonian made from the action 
in eq. (|l|) vanishes as is usual for a theory with reparametrization invariance. 
Using the Poisson bracket 

{X^ia', a), P.(a°, a')}^ = ^ S'{a - a') . (5) 

one readily finds that all the constraints 4>o{<^), 4>r{o') are of the first class, and 
they satisfy the algebra of 

{0o(^), M^')}p = {<Pr{^)Ka)N-'{a) + <Pr{^')h{a')¥'{a')) ds5\a - a') , 

{0o(a), M^')}p = (0o(a) + M^')) dr5\B - a') , 

{0,(cr), 0.(a')}p = M^')ds6\^ - ^') + (t>s{^)dr5\^ - ^') ■ (6) 



where a = (cr^,o"^), and cr°-dependence is not made explicit. For a later use, we 
arrange the algebraic structure (Bl) in the following form; 



{0,(a), <P,{B')} 



P - I d^^" Cab 



o- 



(7) 



with a set of 0-th order structure functions C^ 
sions read 



UT,cr cr 



Their explicit expres- 






'Or 
"Or 



CnJ(a,(T 



cr, a 






0, 



h{a")h'\a")ds6\a 



dr6Ha-a'){5^' 




0, 



a 



rO 



o — a 






5\a-a") + 5\a' 



a 



52fa'-a"))=C °(a,"'-""^ 



-"rO 



,cr ;(T 



(5^'5:'5\a - a") + (5/(5/<52(a' - a")) dt5\a - a') . (8) 



If there exists any critical dimension for the membrane theory at all, Schwinger 
terms should appear on the right hand side of the above algebra when quantized, 
and the condition that they vanish will determine the number of the space-time 
dimensions. There are many ways to quantize the system but the critical dimension 
essentially originates from the Schwinger terms in the algebra. The existence of 
such Schwinger terms implies that the diffeomorphism symmetry is anomalous. In 
the following we would like to discuss under what conditions such an anomaly can 
occur. 

Here we will quantize the system perturbatively. As a three-dimensional field 
theory, the world-volume theory of membranes is nonrenormalizable. Hence we 
consider the theory as a theory with a cut-off. The perturbative expansion gives 
the low energy approximation, and we examine if the theory is consistent in the 
low energy regime. The action most convenient for the perturbative analysis of 
this system can be obtained as follows. Since there are constraints, we introduce 
the Lagrangian multiplier fields A°(cr), A'"(o") (r = 1,2) to respective constraints 
and we have the Hamiltonian: 



H 



j d^a (\\a)M^)+y{a)Ua)) 



a 



\\a) - iP,ia)P^{a) + h{a)) + A'-((T)P^(a)9,X^(a) 



(9) 



By Legendre transformation, we obtain the action 
So = j d^aP^{a)doX^'{a) - f da^ H 



-A°(a) ^ iP,ia)P^ia) + hia)) - X'\a)P,{a)d,.X^{a) ) . (10) 
Gaussian integration of (10) over momenta -P^(o") gives 
^0 = jd^<y (^ {d,X^ - VdrX^f - ]^\'h^ 

= Jd'cr y^ {d,X^ - y-drX^' - ^ ({X^X^}) j , (11) 

where 

{A, B} = e^'drAdsB . (12) 

This is the action we start from. This action was obtained in []r3|. Since it is in 
the form of polynomials of daX^, after an appropriate gauge fixing and expansion 
around an appropriate background, we will be able to get an action in which 
perturbative analysis is possible. 

2.2 BRS transformation 

Since we would like to study if the symmetry corresponding to the constraints 
00, (pr is anomalous or not by using the action ([Til) , we need to know how such 
a symmetry is realized in the action (|Tll). In this subsection, we will discuss the 
local symmetry of the action and treat it by using the BRS formalism. 



The symmetry generated by 0O; 0r is realized in eq. ( |Tl]) as 



5,X^ = e°^ (doX^^ - y'drX^") + e'drX" , 

^A*^ = dot' + hh'-' (e°9,A° - 9,e°A°) - ^dse' + e'dsX' , (13) 

with three parameters, e", e*^ (r = 1, 2). In eq. (0), the transformation law for X^ 
has been inferred from that in the Hamiltonian description 

5,X^{a) = j d^o' {X^(a), 0„(a')e°(^')}p 

= e\a)P^{B) + e'{a)drX^'{a) , (14) 

with the use of the value of P^ obtained from the equations of motion of the action 

m 

P^ = ^ (5oX^ - ydrX^) . (15) 
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In general, the action becomes invariant if the Lagrange multiphers transform in 
the manner 



S^X-{a) = doe^ia) - J rfV J d'a"e''{a")X\a')C,^^{a' , a", a) , (16) 

using the structure functions C„^ '^{a.a'^a") of the constraint algebra (^. The 
exphcit form of C^^ '^(a, a'; a") in eq. (||) led to the last two equations in eq. (|T3|). 
Defining e°, e^ as 

e°^e°l, ^ = e^■-eOA^ (17) 



the gauge transformation ( pTSf ) becomes 

S^y = e^daV + (9o - X'd,) r + A"9oe° - F'd.e^ , (18) 

where 

r^ = (A°)2/i/i"' + A''A\ (19) 

The transformation law for X^ in eq. (pISD shows that the gauge symmetry corre- 
sponds to the reparametrization on the world-volume. 

In order to treat this theory with local symmetries perturbatively, we will 
use the BRS formalism. Since the structure constants of the symmetry are field- 
dependent, we should resort to the Batalin-Vilkoviski formalism p!6|, p!7[] . In order 
to do so, let us explore the algebraic structure of the gauge transformation (^). Q 
The gauge transformation is summarized abstractly by 

b^^ = e^n: , (20) 

where the index i distinguishes the dynamical variables while a labels the gauge 
degrees of freedom. We adopt the convention that both i and a include the de- 
pendence on the world-volume coordinates. The algebraic structure possessed by 
the gauge symmetry (^) is summarized as 



^«^T3T - VtIT = ^<./^; + M^P ^'S • (21) 



Here D^^ are the structure functions which can be read off as 



= 5a"db5%a - a')S'\a - a") - 6f,'6'\a - a')daS'^icT - a") . (22) 



"'^We will follow the notation used in |0| in the following. 



The second term in eq. ( pTD corresponds to the trivial symmetry 

^.<P' = /^^'^ ' (23) 

with the parameters /i-'^ = —fx^K A straightforward calculation shows that 

= ^[\\a)f 6,%,'^ e'' dtS%a - a')ds6%a - a") e™5=^((T - a'") . (24) 

With these ingredients we can apply the Batalin-Vilkoviski procedure to the mem- 
brane quantum mechanics and obtain a solution of the classical master equation 
as well as the BRS transformation. 

A solution of the classical master equation is found as 

(1)5= / rfV (x;9„x^c" 

-A'5A°C° - 2A*A°A"9,C° + A* (-A°a, + (a,A°)) C 

-a';a"c° - Kr'dsC + x; (do - \'d,) c + a:(9,a")c^) , 

(2)5 = I rfV (-Cl&d^C'' + - (A°)='e™A:A: {C°, C^}) , (25) 

Here, X* A* and C* are the antifields of X^, A" and C" respectively. The number 
i in the parenthesis of (*)S' denotes the antighost number. The BRS transformation 
is generated by 5* in terms of the antibracket, 

#^ = (0„5) = |§, 

s<jy: = {<f>hS) = -^^, (26) 

where the functional derivatives are understood to act from the left. The explicit 
expression for the BRS transformation law becomes, for instance, 

sX^ = daX^C^ , 

sA° = 9o(A°C°) - 2A°A^'9,C° - [x% - (9,A°)) C , 

sX^ = CdaX' + A"9oC° - r^9,C° + {do - X'ds) C + ^(A°)=^e™A; {c°, C°} , 

sa; = ]- {doX^drX^ - yhsr) 

-^0 



+x:drC' + dsix:.c') , 

sC^ = C^dbC" . (27) 

2.3 BRS covariant metric and perturbative anomaly 

Now let us consider the question under what conditions the reparametrization 
symmetry or the BRS symmetry of the action S in eq. (^) can become anomalous. 
In order to do so, it is instructive to recall how the reparametrization symmetry 
becomes anomalous in the case of string theory. In the string case, starting from 
the Nambu-Goto action, we can follow the same procedure as that in Sec. O and 
obtain the action 

^0 = /rfV (^^ {doX>^ - X'd.X'-y - y (5iX^) j . (28) 



This action is actually the Polyakov string action 18 



d'a^V^g''%X^^dbX^, (29) 

with y/—gg°'^ {a,b = 0,1) expressed in terms of A°, A^. Since \/—gg'^^ do not 
include the conformal mode of the metric, A° and A^ express the modes of the 
metric other than the conformal mode. 

Starting from the action in eq. (|28|) one can quantize the theory using the 
BRS formalism in the usual way and find that the BRS symmetry is anomalous 
ii D ^ 26. The reason for the existence of the anomaly is obvious. In order to 
define a quantum theory, we need a metric to define the regularization procedure, 
etc. |]19[ . If a metric gab which is transformed as a tensor under the reparametriza- 



tion is available, we can regularize the action by using the Laplacian made from 
gab for example. Then the theory can be defined preserving the reparametrization 
symmetry. In order to regularize the action in the BRS invariant manner, we need 
a metric gab which is transformed under the BRS symmetry as 

sgab = gacdbC + daCgcb + Cd^gab , (30) 

where C"' {a = 0, 1) are the reparametrization ghost fields. Let us call such a 
metric a BRS covariant metric. If a metric which behaves properly under the 
reparametrization symmetry or BRS symmetry is not available, it can be a source 
of an anomaly. In the present case, we have the variables A°, A^ from which 
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we can construct y/—gg"'^ but not Qab itself. Therefore we cannot have a metric 
which behaves properly under the symmetry, and the symmetry becomes anoma- 
lous. On the other hand, in the case of Polyakov string theory, we consider gab as 
the fundamental degrees of freedom and the reparametrization invariance can be 
made nonanomalous. Then what matters is the Weyl symmetry, or the conformal 
symmetry in the conformal gauge. 

Actually in the formulation using the action in eq. (^), things are more subtle 
than it appears. It is not possible to construct a metric from A", A^ alone, but 
it is possible to do so using X^. Indeed, the induced metric daX^d^X^ is a BRS 
covariant metric. The reason why such a metric is not considered to make the 
symmetry nonanomalous is because we always consider the world-sheet theory of 
strings around the classical background X^ = 0. Therefore, at least perturbatively, 
the induced metric is a singular metric and cannot be used. 

In Ref. Q, Polchinski and Strominger studied Nambu-Goto string theory per- 
turbatively around a background. For a perturbation theory to be well-defined, 
the induced metric, necessarily becomes nondegenerate. Hence, an anomaly in 
the reparametrization symmetry can be cancelled in this setting. Indeed they 
showed that it is possible to construct the counterterms which cancel the potential 
anomaly for the reparametrization invariance in such a background. 

Now let us turn to the membrane theory. The action in eq. (|1T]) can be consid- 
ered as a generalization of the action in eq. (0), but there are several differences. 
Firstly, this action does not coincide with the Polyakov-type action with an in- 
trinsic metric Qab-, but rather can be obtained by classically integrating out the 
spatial metric in the Polyakov-type action after taking a gauge considered in [^ . 



Since the Polyakov-type action does not possess a symmetry like the conformal 
symmetry, we cannot attribute the problem to such a symmetry being anomalous. 
Another difference is that we cannot obtain a well-defined perturbation theory 
from the action in eq. ( |TTD by expanding around the classical background X'^ = 0. 
Therefore we should specify a good classical background to start perturbative ex- 
pansions. 

The problem is if a metric which behaves properly under the symmetry is 
available or not in the classical background. Also in this case, one of such metrics 
is the three-dimensional induced metric 

-fab = daX^dbX^ (a, 6 = 0,1, 2). (31) 
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We can construct another BRS covariant metric Qab defined as 



Qab 



A GrtuA" — (A ) G GstA 

GyiA Grs 

1 A" 



(A0)2G 
A*- 
(A'')2G 



(A0)2G 
/~<rs _ A'' A 



(A0)2G 



(32) 



Here 



G,, = drX^'dsX^ + A° (a;9,G° + A:9,G°) . (33) 

The metric in eq. (|32D is in the form where a/GA° is the lapse, A^ are the shift 
and Grs is the space metric in the ADM decomposition of the metric [^. G^s 
is exactly the combination appeared in [^ . A similar kind of metric can also be 
constructed in the same fashion for higher dimensional branes and strings. 

It is of course probable that there exist other BRS covariant metrics. The 
potential anomaly of the BRS symmetry can be cancelled by adding counterterms, 
if any one of such metrics is nondegenerate in the classical background. The 
classical background we should consider is a solution of the classical equations 
of motion around which the fields corresponding to quantum fluctuations obtain 
regular propagators in all directions after a proper gauge fixing. 

One typical solution to realize this last requirement is an infinitely extended 
static membrane configuration; 



^?o)(^) 



a 



X(oM) 



-0 (/: 



a 



^fo)(^) 



a 



3,---,D 



(34) 



with A9q-)((t) 



1 and A[qn(o") = 0. We introduce a coupling constant g charac- 



terizing the order of perturbation. Accordingly, the left hand side of eq. 
regarded as g'^S and all the fields except for X^ should be replaced by ( 
the choice of the gauge fixing condition 



Spis 
For 



A°(a) = l, 
y{a)=ge^'dsAoia) 



(35) 



the fluctuations around the background 



X^Xa)=a'+ge'-'As{(r) (r = l,2), 
X^ia)=gY^ia) (A = 0, 3, ■ • ■ , Z) - 1) 



(36) 
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are governed by the action similar to the Yang-Mills action 

^0 = Jd'a (^1 - \f^,F'^' - \d^Y^D^Y^ - ^ {{y^Y^})'^ , (37) 

where 

Fab = daAh - dbAa + Q {Aa, A} , 

DaY"" = daY^ + g {Aa,Y^} . (38) 

After setting a gauge fixing condition as in the usual Yang-Mills theory, all the 
fields have free propagators. However, the metrics (^) and (|3^) are both regular 
in the background (p^. Thus, a path integral measure invariant under the BRS 
symmetry can be constructed using either of these metrics so that the perturbative 
quantum theory around (|^) does not have anomalies. Although we do not dictate 
its detail, it is tedious but straightforward to perform the explicit one-loop analysis 
similar to that to be performed in Sec. |4.2| and show the absence of an anomaly in 



the perturbation theory around the static membrane solution 

Obviously the discussion here applies to any backgrounds. An anomaly can 
arise only on the background which gives no regular BRS covariant metrics. Un- 
fortunately, at present we do not know any example of such a background around 
which all the fields have propagator suitable for perturbation theory. However it 
is possible to find a background around which the kinetic terms for some fields 
lack derivatives in some directions on the world-volume. In such a case, we en- 
counter severe divergences in perturbative expansions, because propagators in the 
position space include delta function of coordinates in some directions. However, 
even in such a background, if one dimensionally reduces the theory, one can get a 
well-defined perturbation theory. Then we can get a little indirect evidence for the 
critical dimension of membrane theory. We will consider two examples in Sec. ^ 
and Sec. ^. 

3 Dimensional reduction of one spatial direction 

Let us consider the following configuration of the membrane world- volume 

X*^)(a) = (M = 0,1,3,---,Z}-1). (39) 
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It is easy to check that this is a solution of the equation of motion of the action 
(p5|). The fluctuation Y^ defined by 



(40) 





X' = a^ + gY\ 




X*^ = (7i>*^(M = 0,l,3,---,Z}-l), 


is governed by the action 


So= f Sa 


[,i„(-V.of^-y..f^)+^i„(.of- 




^2°(5,f-)^ /^({l^^f^})'] 





yd,Y 



M 



(41) 



Taking the gauge A° = 1, A** = 0, the kinetic terms for Y^'^ lack the derivatives 
in 0"^ direction. Thus, we will encounter severe divergences in the perturbative 
expansion. 

In order to avoid this problem, let us compactify the X^-direction to a circle and 
reduce its radius R to zero. The background (|39|) implies that we are considering 
the membrane wrapped around X^-direction. Therefore, what we are doing is the 
so-called double dimensional reduction and as a result we get a string theory. Since 
the action we started from was a generalization of the Polyakov string action, we 
expect that we get the Polyakov string action after the dimensional reduction. We 
will demonstrate that this is indeed the case. 



In the limit i? — > 0, we will keep the coupling constant g2 = g/ylixR fixed. The 
fluctuation in the world-sheet theory corresponds to Y^ = ylixRY^. Redefining 
g2 as new g and dropping all the derivatives in a^-direction, eq. (^) reduces to a 
two-dimensional theory 

\ 2 



^n 



Sa 



1 
2A0 

A° 



A^ 



(5iF 



9 

M\2 



+ d^Y^ - X^diY^ 



1 
2A0 



d^Y^' - X^diY 



M 



(42) 



where (Pa = da^da^. The symmetry of the action 5*0 is given by the dimensional 
reduction of (|18D, except for the transformation law for F^, 

1 



5,Y' = -r + PdjY' 



9 



(43) 



where j = 0, 1. We can fix the symmetry corresponding to the parameter e^ by 
taking Y^ = 0. Such a gauge fixing does not invoke any dynamical ghost field. 
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After a Gaussian integration over A^, we end up with the action in eq. (^). In this 
form, it is a famihar procedure to construct the BRS charge and examine if it is 
nilpotent or not and find that the BRS symmetry is anomalous unless the space- 
time dimension is 26. This fact indirectly implies that the critical dimension of the 
bosonic membrane is 27. From the membrane theory point of view, the anomaly 
can appear because the metrics (^) and ( P^ ) are singular in the background (|55|). 
Trying to study the membrane theory more directly, let us recover the radius R 
of the compactified circle and discretize it with a finite cutoff length a. This cutoff 
regularizes the divergences in the perturbation theory. The membrane can then be 
regarded as a collection of Polyakov-like strings placed on this circle, each of which 
interacts with its neighbors. For each Polyakov string to be consistent, we may be 
able to conclude that the critical dimension of bosonic membrane theory is 27. It 
is beyond the scope of this paper to investigate in detail whether this model gives 
a nonperturbative definition of the world-volume theory of membranes by taking 
an appropriate nontrivial continuum scaling limit. 

4 Dimensional reduction of time-like direction 

4.1 Schild string theory 

Since the coordinates a'' and a"^ are not on the equal footing in the action in 
eq. (pA|), there exists a way of dimensional reduction inequivalent to the one in 
the previous section. Namely we can wrap the membrane along the coordinate a^. 
Let us describe the string theory we can get as the result of such a dimensional 
reduction. 

In this section, we consider the world-volume with the Euclidean signature. 
Since A'' is like an einbein field, this is achieved by replacing A° and its antifield 
Aq as 

A° ^ -iA° , A* ^ i\l . (44) 

The Euclidean action is then obtained by multiplying the Minkowskian action by 
—i. We will use the name o"°, A° and Ag even after Euclideanization. 

Let us wrap the a^-direction around a circularly compactified space-time di- 
rection X°, 

X(% = aO, Xfo) = (/=1,---,D-1), (45) 

and consider the string model obtained by taking the radius of the circle i? — > 0. In 
this process, the coupling constant g^ = g'^/{2TTR) in the two-dimensional theory 
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is kept fixed, which is redefined hereafter as new g'^. The above configuration itself 
is not a classical solution of the original action 5*0 in eq. (|l3)) but later we will 
turn on further backgrounds so that the final configuration satisfies the equations 
of motion. 

Now, in terms of the fiuctuation Y^ defined by 



X' = gY' (/=1,---,D-1), 



(46) 



the action becomes 

Sn = (fa 



2^ (^ - ^°"'*^°) 



+ -[uj'^drY') +-g^({Y^^,Y^}) 



(47) 



where u^ = X' /\^ and yU, z/ = 0, 
expressed in terms of tu'" as 



D — 1. The transformation properties are 



where 



9 
5,Y' = rd,Y' , 



{Ai 



(49) 



If one fixes the symmetry corresponding to e^ by taking y° = 0, the action 
becomes 



So 



I""" 2Ab + TH'^")' + V({^"-^"} 



2AV ' 2 V I '4 



(50) 



Here /, J = l,---,i5 — 1. Now, since cj'" are just auxiliary fields, we can integrate 
them out and we obtain 

1 , X'g^ 



Sn 



d'a 



2\'g' 



{[y\y'} 



(51) 



which is nothing but the Schild action in a D — 1 dimensional space-time 1 14 



Therefore we can obtain Schild string by dimensionally reducing our membrane 
action. 
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In the rest of this section, we would hke to demonstrate the existence of the 
critical dimension starting from the action in eq. (|T7|). Since this action is equiva- 
lent to the Schild string action, what we will show gives a way to get the critical 
dimension of the Schild string theory. The purpose of studying Schild string the- 
ory is twofold. For one thing, we want to check if the critical dimension of the 
bosonic membrane is 27 or not, by trying another way of dimensional reduction. 
For another thing, by studying Schild strings, we may be able to get some clue 
as to how we can treat the membrane action perturbatively. Like the membrane 
action in eq. (|TTD , we should find out an appropriate classical background in the 
Schild action (|5l|) to start perturbative expansions. Usually, a BRS covariant non- 
degenerate metric is available in such a background. However, starting from the 
action (|3), which is a simple modification of eq. (|5lD , one can deduce the critical 
dimension. Therefore we can expect that there exists a modification of eq. (|ll|) 
from which one can deduce the critical dimension. 

For our purpose, it is convenient to fix the gauge symmetry corresponding to 
e° by a gauge fixing condition drOj"^ = 0. Then, uj^ should take the form 



Lu' = ge^'dsY , 



(52) 



and the action becomes 
So = I (f'o 



sl^lr^^n^-^"})'' 



A' 



^(,{F,r^}) +A°^({FM^^}) 



(53) 



We will consider a classical background 



^y(o) = c^^ ^F(°o) = cT^ 



(54) 



The kinetic terms for all the fields around this background are not pathological. 
In this background, the induced metric drY^dsY^ is singular. It may appear that 
one can construct a metric using Y and Y^ but such a metric does not transform 
properly under the symmetry corresponding to e''. This action also looks like a 
Schild action but with two more coordinates F, Y^ compared to eq. (|5T|) . Super- 



symmetrization of this action may be relevant to F-theory |22|. We examine the 
perturbative quantum dynamics starting from this action, in particular focusing 
on the quantum-mechanical consistency of the gauge symmetries (E3) . 
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4.2 Anomaly and critical dimension 

After further fixing the symmetry by a condition A° = 1, the dynamics around the 
background in eq. (|54D with respect to the fluctuation Aj. defined by 

1 



Y = -(r 
9 

9 



CT^ + A2 



is described by the action, 



S, 



matter 



<iV 



-.(p-r ■ 2 



1 / A 2 

DrY'' 



3_ 

4 



{{Y',Y'} 



(55) 



(56) 



where 



-t'rs = C/rAs — OgAj. + g \Aj., Ag^ , 
DrY^ = drY^ + g [Ar,Y^} . 



(57) 



This action looks like the Yang-Mills action and it is invariant under the area- 
preserving diffeomorphism. To fix the area-preserving diffeomorphism, we will 
take a covariant gauge fixing term mimicking the Yang-Mills case to respect the 
covariance of the free parts of A^ in eq. (|56D. 

To analyze this system perturbatively, we provide the gauge fixing and ghost 
terms a la Batalin-Vilkoviski procedure. The action satisfying the classical mas- 
ter equation can be obtained by either dimensionally reducing the action ( pSj) or 
starting from the dimensionally reduced action {^7\j. Both give the same result. 
In order to impose the gauge fixing conditions described above, it is convenient to 
introduce a ghost field C~^ and its antifield C'^^, an antighost field C_i and its 
antifield C , auxiliary fields B, Aq, uJr and their antifields B*, A , uJ*^, and 



add the following term to the action: 
S^^ = Jd'a [-tY*C-' 
By taking the gauge fermion ip, 



C* B + C Xo + C*"uJr) 



{51 



^ 



a 



1 



a 



C_, ( d,Y - -d2X' - -Bj + Co (A° - 1 



+Cr I -CU*- 



dV 



e''dsY 
C_i (-drAr - ^B^ + Co (a° - 1) + a [-^" - e"^ 



ay 



(59) 
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the antifields are fixed as follows: 



C* ^ = -{drAr+'^B 



Y* = -diC-i + e'-'dsCr 
9 

Aq = C'o 5 
9 



(60) 



Hence the action S^i becomes 



qE _ qE 



4>*=d4>/d<t>i 



dPa 



a 



-1 



+ -drAr 



B\B 



+Ao (A° - 1) + tjJ -u 



e'^ar 



(61) 



Integrating over the auxiliary fields B, Aq, o^r, we get the gauge fixing conditions 
A° = 1, uj^ = ge^'^dgY ) and a covariant gauge fixing term 



SgF = Jd^Cr^idrAr 



Finally we get the action 



(62) 



"Jmatter + '-'GF + "J ghost) 



(63) 



where 



S, 



host 



a 



-tgd2C^,idrA2)C'' + 2tgCo {A^, C°} 
-zgCr{Ar,C'}+igCre'-'{dsAt)dtC'^ 
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+tg Cr {Ai, C"-} - ig {dsCry\dtAr)C' 
+ig^Cre''\dsAt) {a, C^] + ig^C.,t''dsY' [y' , C°} 

+ ^/e*«C,C„{C°,C°}] . (64) 

Now that we have the gauge-fixed action which is BRS invariant at least clas- 
sically, the most honest way to examine if the BRS symmetry is anomalous or not 
is to check if the BRS charge is nilpotent quantum mechanically. Here we take a 
by-pass which is usually taken in this kind of situation. We will define the quanti- 
ties jo and jr which we will call currents as the variations of Cq and Cr under the 
BRS transformation as 

jo = sCo , 
jr = sCr (r = l,2). (65) 

Essentially jo and jr are the BRS invariant version of the constraints 0o and 0^ in 
the original action. Therefore, by checking if there is any Schwinger terms in the 
algebra satisfied by jo and j^, we can see if the BRS symmetry is anomalous or 
not. 

There is another way to look at these currents. Since Cq and C.^ are the 
antifields of A'' and uj''\ jo and jr can be written as 



Jo 



> = T— , (66) 

where S is the action before the gauge fixing. Therefore the currents can be con- 
sidered as representing the response of the action to variations of the gauge fixing 
conditions for A" and uj"^ . These currents play a role similar to the one played by the 
energy-momentum tensor in the Polyakov string theory. If the reparametrization 
symmetry is not anomalous, the correlation functions of these currents should van- 
ish up to local terms proportional to derivatives of delta functions in the position 
space. 

The explicit form of these currents is found to be ja = ja| matter + J" I ghost' where 
the matter contributions ja| matter ^^^ 



5S 




SX^ 




6S 




doj"- 





„.„.. = -^ + Y ({y- y")) + T (f^- ^"') + T ' "'" "" '" 
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9 

+1 (5,A, - dsArf + ^e^^ {A„ A,} + i(a,r02 + 0((7) , 

= 6ri -e'%At 
9 

+ idrA2)e'%At + 5ri \e'' {^, A} + drY'd{Y' + 0{g) , (67) 
while the ghost contributions ja| ghost ^^^ 

+4tgCo {a,, C'} - igCr {a,, C°} + igCre'\dAt)dtC'' 
+i^^ ae"(9,A) {a, C°} + tg''Cre'\d,Y') [y\ C°} 

>|ghost = 2iCo9,C° - ia9iC° - iCidrC^ + z^a^C^ + i{dsCr)C' 

-tgCr {Ai, C°} + tgCse'\dtA,)drC' . (68) 

We will calculate the two-point functions of these currents to see if there is any 
anomaly. The local terms in such two-point functions proportional to derivatives 
of the delta function in position space are irrelevant, because such terms can be 
cancelled by adding appropriate local counterterms. If the nonlocal terms remain 
even after the addition of any possible counterterms to the bare action and the 
currents, the symmetry is anomalous. 

It is easy to check that the tree level contributions to the current- current cor- 
relation functions are local. Thus, we are interested in the one-loop correction. 
However, as seen from the bilinear part of ( pT]) and (p^), the various ghosts and 
antighosts mix in a complicated way, making all the calculations rather cumber- 
some. Thus, we pose here to make the ghost sector as simple as possible. We note 
that the ghost C~^ appears only in the first line of eq. (^) and does not appear 
in the currents to the relevant order of g. Writing 



C,=Ci, C, = C2 + C_i , (69) 

integration over C~^ gives 

e'^'drC'^ = . (70) 
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If we consider only world-sheets with trivial topology, this condition is solved by 
introducing a new variable b as 



C, = idrb . 



(71) 



Hence, the original variables Cr are expressed in terms of b and C_i as 

Cr=idrb~6r2C-l. (72) 

The ghost sector now consists of three pairs of ghost and antighost. Further change 
of the variables from C" to E"^ 



C = E' - 26'' C" + 2g{e'''dsAi)C^ 



(73) 



simplifies the structure of interactions. Now the free propagators of the ghost 
variables are found as 

/ {C%a)b{a')) (C%a)Coia')\ lC\a)C ^^{a')) \ 

{E\a)b{a')) lE\a)Co{a')) lE\a)C^,ia')) 

^ {E\a)bia')) {E\a)Coia')) {E\a)C^^ia')) ) 

1 



(27r)2 g2 







-qi -92 



(74) 



-q2 qi 



In the present example, the one-loop quantum correction to the two-point 
current correlation functions consists of three types of Feynman diagrams shown 
in Fig. |I|. We demonstrate the existence of an anomaly except for D = 27 at the 
one-loop level by evaluating the nonlocal part of the simplest two-point function 

n22(p)= fd'ae"^-{Ucr)UO)) . (75) 

•^ nonlocal 

Since J2 involves no terms linear in fields, the two-particle irreducible diagram 
shown in Fig. |I](c) gives the lowest order contribution. In perturbation theory, 
the effect of adding counterterms is a higher order effect. Thus, if this lowest 
order contribution is nonzero, the theory is anomalous. From eq. (0), we find the 
nonlocal contributions to 1122 (p) from the scalar Y^ and the gauge field Ar as 

1 D-l{p^)\p2)' 



^22{p)\yI 

n22(p)|. 



Air 3 
1 



pz 



We use the Feynman gauge, a = 1 in the calculation. 



An 



1 {pinP2r 

p2 



(76) 
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3a 



Jc 




(a) Vacuum polarization contribution 




Jb Jc 



(b) One propagator contribution 





Jb 



Jc 



(c) Two-particle irreducible contribution 



Figure 1: One- loop diagrams in current-current correlation 



where fi is an arbitrary scale to be chosen as the renormalization point. The ghost 
contribution to 1122 (p) becomes 



n22(p)| 



G 



Att 



8 '^UV 6 p2 



(77) 



The logarithmic term in this ghost contribution cancels that in the gauge boson 
contribution. Now we find that the sum of flTGD and (177|) becomes 



n22(p) 



1 D-27{pi)\p2)' 



{71 



47r 3 p^ 

The nonlocal terms arising from Fig. |l](c) cannot be removed by an addition of 
any local counterterms to the action and the currents, showing that the gauge 
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symmetry is anomalous except for Z) = 27 in this order of approximation. We 
need to check that the other two-point functions vanish if and only ii D = 27. 
This fact is demonstrated in Appendix B. The result we get implies that the 
critical dimension of the bosonic membrane is 27 and the critical dimension of the 
Schild string is 26, at least to this order of approximation. 

5 Discussion 

In the first part of this paper, we have explored a perturbative regime of the 
membrane world-volume theory from Lagrangian and path integral point of view, 
in order to examine the existence of a potential anomaly in gauge symmetries. The 
perturbation theory is defined only around an appropriate membrane background 
which guarantees the existence of non-pathological propagators for all dynamical 
degrees of freedom. On the other hand, the gauge anomaly can appear only in 
the background where BRS covariant metrics are degenerate so that neither BRS 
invariant measures nor local counterterms cancelling anomalies are allowed. As 
far as we checked, all the classical solutions with nondegenerate metrics do not 
induce perturbative membranes with an anomaly. Even if we can check that 
some of the metrics are degenerate, there is always a possibility that there exists 
another BRS covariant metric we do not know which becomes nondegenerate. 
Therefore a careful study is necessary to argue that the theory is anomalous around 
a background. 

The analysis here does not contradict with the results given in Ref . [|, ^ , which 
is based on the operator description. The operator methods do not refer to any 
backgrounds. One of the motivation to develop the perturbative method in this 
paper is to avoid being annoyed about the ambiguity in the operator ordering and 
regularization procedure. Unfortunately we do not know any classical solutions of 
the membrane world-volume action examined here, with singular metrics which 
make the reparametrization symmetry anomalous. 

In the second part, we examined two string models obtained by dimensional 
reduction of membranes. Each of these string models accommodates an anomaly 
and critical dimension. We may say that this aspect indicates that the original 
membrane theory also has the critical dimension, although it is of course much 
better to be derived in a three-dimensional theory. Another possibility is that the 
critical dimension appears as the dimension where the regularized membrane model 
proposed in Sec. |^ possesses a nontrivial continuum limit. This limiting procedure 
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may be related rather to the nonperturbative aspects of the membrane world- 
volume theory, which cannot be pursued by the perturbative analysis developed 
here. 

In particular, we have found that the string theory with the Schild action 
possess the critical dimension 26. We expect that we can get the usual bosonic 
string theory also from the Schild action. In order to confirm this, we should 
check if this string theory yields the same space-time equations of motion. D — 1 
= 26 is a part of the space-time equations of motion, and it is an intriguing 
problem to generalize this to get the whole equations of motion in the low energy 
approximation. The Schild action is interesting because it enables one to take the 
tensionless limit. Thus, by studying this action, we may be able to reveal the huge 
gauge symmetries of string theory. 

Also the experience of dealing with the Schild action gives some hint as to how 
to deal with the membrane theory. The reason why we were able to deduce the 
critical dimension for the Schild string is that we started from an action with some 
auxiliary fields and extra gauge symmetries. These features originate from the fact 
that we started from a higher dimensional theory. Therefore, an obvious strategy 
which should be tried to deal with the membrane theory is to consider an action 
obtained from reduction of higher dimensional branes. Dimensional reduction of 
one spatial or time-like direction of a 3-brane is the simplest possibility. Another 
possibility is to use the Born-Infeld action. We hope to come back to this problem 
in the future. 

The matrix regularization of Schild string model is also interesting, recalling 
the role played by the Schild action in |^3|. The matrices can be considered as reg- 



ularizing the area-preserving diffeomorphism. Obviously, the matrix regularization 
is possible only when the action obtained after fixing the other gauge redundancy 
is written in terms of the Poisson bracket. The matrix model should have the 
associated ghost sector so as to reproduce the critical dimension D — 1 = 26 in the 
naive continuum limit. 
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Appendix 

In this appendix, we collect the results for the one-loop correction to the current 
current correlation functions, with the definition similar to ( |73D 



Uabip) 



nonlocal 



(79) 



in the Schild-like string model. Eq. (]67|) shows that jo(c") and ji(cr) have the 
common terms linear in fields. Thus, j_ = jo ~ Ji starts from the terms bilinear 
in fields, and we consider the two-point functions of jo, J2 and j_. 
For n (p) 

1 f D-l\ {p^fip^f 



n-(p)l 



Yi 



An 



n--(^)U = i^ 



n-b)lG 



1 

47r 



8 ^UV 6 p2 



.^^ 



6 



pZ 



m 



which become in total 



U^^p) 



1 27-D{pi)\p2 
Air 3 p2 

i(«) 



The vacuum polarization contribution noo(p)| to Hooip) is found as 

,2 ' 



noo(p)lS 



— x2(D-l) x^lnf^ 
47r ^ ^8 U^ 



no„(p)lS ^ i(-7)^i,„ (g 



1 



.v 



noo(p)|&^ = ^(-5)^ln^„,,, 






and thus. 



— (-12 + 2(D-l))^lnf^ 
477 ^ ^ ^^8 W 



noo(p)|^'^^ 
The one propagator contribution noo(p)| to noo(p) is found as 



(82) 



(83) 



noo(p)|?l = i(-4(/^-l))^ln(^ 



1 

A-n 

1 

An 

noo(p)lg^ = ^ 



p^ 
J' 



noo(p)l2 






lA) 
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the sum of which becomes 



noo(p)r" = — (28-*(B-l))^to|^ • (85) 



The two-particle irreducible contribution noo(p)| to noo(p) is found as 






noo(p)|g^ = -(-8)^lM^) . (86) 



and thus, 



noo(p)l'" = - (-16 + 2 (B - 1)) ^1,1 1 i^ . (87) 



The total contribution to noo(p), the sum of (^31), ( ^5|) and (|87|) , vanishes; 



noob) = o. (88) 

There are potential contributions from Fig. |l|(b) and (c) for IIq2{p)- The one 
propagator contribution no2 {p)\ is found as 

Il02{p)fy\=0, 



^^^-4-K 



no2(p)|g^ = ^x6pip2xiln('^V (89) 



the sum of which gives 

4:71 8 \/i 



no2(p)r^ = — X 8PiP2 X -In ( ^ . (90) 



The two-particle irreducible contribution IIq2{p)\ is found as 

U02{p)ty]=0, 



no2(p)|£ = o 

iyr ' "'""'"'' 8"" \/i 



W_ 1 r_«.^._^L. ^^'' 



no2(p)|^^^ = -(-8piP2)^ln f^ ' (91) 



the sum of which becomes 



no2(p)r^^ = -(-8piP2)^ln|^ . (92) 
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Hence, eqs. ( pOD and (p^ ) give 

Uo2{p) = 0. (93) 

The two-point function 112- {p) receives corrections from the diagrams of topol- 
ogy in Fig. n(c), 



1 D-1 {pi)' p2 
47r^ 3 ' p^ 

1 / 1\ {pi)^P2 



n2-(j')ly/-T-l — ^^— ;^ 



^2-{p)\ 



^^ An V 6/ p2 

1 53(pi)3p2 
47r 6 p2 



n-WlG = ^?^^^. (94) 



which give in total 



^2-iP) = ^ ' : ''V . (95) 



£ 27 -D{p^f p2 
Ati 3 p2 

Two types of diagrams shown in Fig. |^(b) and (c) contributes to Ilo^{p). The 
one propagator contribution Ho- {p)\ is found as 



which give 



no-(p)lS=o, 

no4p)lg^ = ^ (-5P^ + Q{P2r) hn (^) , (96) 

no4p)l^'^ = ^ (-6p^ + Sip^r) hn (^^) . (97) 

The two-particle irreducible contribution Ho- (p) | is found as 

no_(p)t1 = o, 
no-(p)l£ = o, 

no-(p)lg^ = ^ {Qp' - HP2r) ^in (^) , (98) 

the sum of which becomes 

no-(p)l^^^ = ^ {Gp' - 8{p2r) iln (^^) . (99) 

Hence, the sum of eqs. (|97|) and (^) vanishes; 



no-(p) = o. (100) 
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